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An adapti®e extremum-seeking control scheme for continuous stirred-tank bioreactors
is proposed which utilizes the structure information of the kinetics of bioreactors to
construct a seeking algorithm that dri®es the system states to the desired setpoints that
optimize the ®alue of an objecti®e function. Lyapuno®’s stability theorem is used in the
design of the extremum-seeking controller stucture and the de®elopment of the parame-
ter learning laws. Numerical simulations illustrate the effecti®eness of this approach.

Introduction

Most adaptive control schemes documented in the litera-
Žture Landau, 1979; Goodwin and Sin, 1984; Astrom and

Wittenmark, 1995; Narendra and Annaswamy, 1989; Ioannou
.and Sun, 1996; Krstic et al., 1995 are developed for regula-

tion to known set points or the tracking of known reference
trajectories. In some applications, however, the control objec-
tive could be to optimize an objective function that can be a
function of unknown parameters, or to select the desired
states to keep a performance function at its extremum value.
Self-optimizing control and extremum-seeking control are two
methods to handle these kinds of optimization problems. The
goal of self-optimizing control is to find a set of controller
variables which, when kept at constant setpoints, indirectly

Žlead to near-optimal operation with acceptable loss Findei-
.sen et al., 1980; Morari et al., 1980; Skogestad, 2000 . The

task of extremum seeking is to find the operating setpoints
that maximize or minimize an objective function. Since the
early research work on extremum control in the 1920s
Ž .Leblanc, 1922 , many successful applications of extremum-
control approaches have been reported, for example, fuel-flow

Ž .control to achieve maximum pressure Vasu, 1957 , combus-
Žtion process control for IC engines and gas furnaces Astrom

.and Wittenmark, 1995; Sternby, 1980 , and antilock braking
Ž .system control Drkunov et al., 1995 . Although a large

amount of research efforts has been done by Morosanov
Ž . Ž . Ž . Ž .1957 , Ostrovskii 1957 , Blackman 1962 , Frey et al. 1966 ,

Ž . Ž .Jacobs and Shering 1968 , Pevozvanski 1960 , a solid theo-
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retical foundation has not yet been established for the stabil-
ity and performance of extremum seeking control.

Ž . Ž .Recently, Krstic et al. 2000 and Krstic and Wang 2000
presented several extremum control schemes and a stability
analysis for extremum seeking of linear unknown systems and

Ža class of general nonlinear systems Krstic, 2000; Krstic and
.Wang, 2000; Krstic and Deng, 1998 . Applications of these

approaches have been reported for the maximization of pres-
Ž .sure rise in an axial-flow compressor Wang et al., 1998 . In

Ž .Speyer et al. 2000 , a peak-seeking controller is designed to
drive a linear system operating an unknown setpoint that
maximizes the specified performance function. Using a modi-
fied Kalman filter to estimate the derivatives of the perfor-
mance function, the peaking-seeking scheme proposed in

Ž .Speyer et al. 2000 has been applied to formation flight to
find the ‘‘best flight position’’ where drag is minimized
Ž .Chichka et al., 1999; Banavar et al., 2000 . It is also worth
noting that extremum control with Monod kinetics has also

Ž .been considered and studied in Golden and Ydstie, 1989
via the use of an ARX model in conjunction with a physical
model. This article also included experimental validation.

The implications for chemical processes are clear. In many
sectors, such as the petrochemical and biotechnological in-
dustries, it is recognized that even small performance im-
provements in chemical-process control systems can result in
substantial economic benefits. The potential benefits of ex-
tremum-seeking techniques in the maximization of biomass
production rate in well-mixed biological processes has been

Ž . Ž .demonstrated by Krstic 2000 and Krstic and Wang 2000 .
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In this study, we investigate an alternative extremum seek-
ing scheme for continuous stirred-tank bioreactors. There are
several differences between the proposed design and the

Ž .scheme studied in Wang et al. 1999 . The approach of Krstic
Ž . Ž . Ž .2000 , Krstic and Wang 2000 , and Wang et al. 1999 does
not require the exact knowledge of the objective function and
system dynamics. In contrast, the proposed scheme utilizes
an explicit structure information of the objective function that
depends on system states and unknown plant parameters.

Ž .Second, the approach developed in Krstic 2000 , Krstic and
Ž . Ž .Wang 2000 , and Wang et al. 1999 guarantees the global

convergence of extremum seeking for the linear system only.
For nonlinear systems, only local results are obtained for the
convergence and stability of the closed-loop extremum-seek-

Ž .ing system Krstic and Wang, 2000 . Since the scheme pre-
sented in this article is based on Lyapunov’s stability theo-
rem, the global stability is ensured during the seeking of the
extremum of the nonlinear continuous stirred-tank bioreac-
tors. It is shown that once a certain level of the persistence of

Ž .excitation PE condition is satisfied, the convergence of the
extremum-seeking mechanism can be guaranteed. The article
is organized as follows. The following section presents some
notation and the problem formulation. In the third section, a
parameter-estimation algorithm is developed. The fourth sec-
tion presents the adaptive extremum-seeking controller and
the stability and convergence of the closed-loop extremum-
seeking system. Numerical simulations are shown in the fifth
section, followed by a brief conclusion in the last section.

Problem Formulation
Consider the following microbial growth models

xs� x , s xyux 1Ž . Ž .˙

ssyk � x , s xqu s y s 2Ž . Ž . Ž .˙ 1 0

ysk � x , s x , 3Ž . Ž .2

w . w .where states xg 0,q� and sg 0,q� denote biomass and
substrate concentrations, respectively, uG0 is the dilution
rate, y is the production rate of the reaction product, s de-0
notes the concentration of the substrate in the feed, and k ,1
k �0 are yield coefficients. We consider the case where only2
s and y are measurable, the biomass concentration x is not

w Ž .available for feedback control see Zhang et al. 2001 for the
xcase when s and x are measurable .

Ž .The nonlinear function � x, s denotes the growth rate of
the process. System comprising Eqs. 1�3 can represent a large
class of biochemical processes, depending on the choice of

Ž . Žthe growth rate � x, s Aborhey and Williamson, 1978;
Holmberg and Ranta, 1982; Bastin and Dochain, 1990;

. Ž .Boskovic, 1995 . There are many different models for � x, s
Žproposed in the literature Spriet, 1982; Bastin and Dochain,

.1990 , for example,

� sm
� x , s s� s s Monod 4Ž . Ž . Ž . Ž .

K q ss

� sm
� x , s s Contois 5Ž . Ž . Ž .

K xq sc

� K sm 0
� x , s s Haldane , 6Ž . Ž . Ž .21qK sqK s1 2

where � �0 is the maximum value of the specific growthm
rate, and positive constant K , K and K to K denote thes c 0 2
coefficients for different growth-rate models.

In this work, we consider the extremum seeking problem
Ž . Ž .for a plant Eqs. 1�3 with growth rate � x, s expressed by

Ž .Monod’s model Eq. 4 . The Monod’s model is one of the
most commonly used models for growth kinetics. However,
the scheme developed in this article is not limited to this
model and can be easily extended to the plants with other
growth-rate representations. The control objective is to de-
sign a controller, u, such that the production rate, y, achieves
its maximum.

First we calculate the system’s equilibria corresponding to
a constant dilution rate, u . By setting the righthand side ofe
Eqs. 1 and 2 to zero, we obtain two equilibria. The first is
x s0 and s s s , which is called the washout equilibrium,e e 0
and is obviously not of practical interest. The second is

K u s y ss e 0 e
s s , x s .e e� yu km e 1

At the steady state, the production rate can be expressed by

k � s s y sŽ .2 m e 0 e
y s s . 7Ž . Ž .e e k K q sŽ .1 s e

From Eqs. 2 and 4, we have

� y s yk �Ž .e e 2 m 2s s q2 K s y s K 8Ž .Ž .e s e 0 s2� s k K q sŽ .e 1 s e

and

� 2 y s y2k �Ž .e e 2 m 2s K q s K . 9Ž .Ž .s 0 s2 3� s k K q sŽ .e 1 s e

Ž 2 Ž .. Ž 2.It is easy to see that � y s r � s �0, �s G0. Hence, ate e e e
Ž .the system equilibrium, y s has a maximume

k � s� x�
2 m� �y s y s s , 10Ž . Ž .e �K q ss

with

� 2's s K q s K yK 11Ž .s 0 s s

s y s�
0�x s . 12Ž .

k1

From the preceding analysis, we know that if the substrate
concentration, s, can be stabilized at the setpoint, s�, then
the production rate, y, is maximized. However, since the ex-
act values of the Monod’s model parameters, K and � , ares m
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Žusually unknown or at least badly known Bastin and Dochain,
. �1990 , the desired setpoint, s , is not available. In this work,

an adaptive extremum-seeking algorithm is developed to
search this unknown setpoint such that the production rate,
y, is optimized.

Assumption 1. The upper bound of K is known, that is,s
K FK , with known constant K �0.s s0 s0

As we shall see later, the preceding assumption is impor-
tant to avoid singularities in the control algorithm.

Parameter Estimation
In this section, we develop the parameter-estimation algo-

rithm for the unknown parameters k rk , K , and � . It1 2 s m
Ž .follows from Eq. 3 that � s xs yrk . Equations 1 and 2 can2

be reexpressed as

1
xs yyux 13Ž .˙

k2

k1
ssy yqu s y s . 14Ž . Ž .˙ 0k2

By Eqs. 3 and 4 and 13 and 14, the time derivative of y is

k K � x 12 s m
ys sqk � s yyux .Ž .˙ ˙ 22 kK q sŽ . 2s

Since the biomass concentration x is not measurable, we re-
Ž .express y by replacing x with yrk � s as follows˙ 2

K y k � sys 1 m
ys y yqu s y s q yuyŽ .˙ 0s K q s k K q sŽ .s 2 s

k K1 s2 2� s yy y qK uy s y sŽ .m s 0k2syuyq 15Ž .
s K q sŽ .s

For convenience we shall use the following reformulation
w xTof the parameters, �s � � � withs � k

� 1 km 1
� s , � s , � s . 16Ž .� s kK K ks s 2

Indeed this allows us to simplify the writing of the equations,
since Eqs. 14 and 15 can be rewritten as

ssy� yqu s y s 17Ž . Ž .˙ k 0

� s2 yy� y2q s y s uyŽ .� k 0
ysyuyq . 18Ž .˙

s 1q� sŽ .s

ˆLet � denote the estimate of the true parameter � , and s andˆ
y be the predictions of s and y, respectively, by using theˆ

ˆestimated parameter � . The predicted states s and y are gen-ˆ ˆ
erated by

ˆṡsy� yqu s y s qk e 19Ž . Ž .ˆ k 0 s s

ˆ 2 ˆ 2� s yy� y q s y s uyŽ .� k 0
ẏsyuyq qk e , 20Ž .ˆ y yˆs 1q� sŽ .s

with k , k �0, and the prediction errors e s sy s and e sˆs y s y
yy y. It follows from Eqs. 17�20 thatˆ

˜e syk e y� y 21Ž .ṡ s s

� s2 yy� y2q s y s uyŽ .� k 0
e syk e q˙y y y s 1q� sŽ .s

ˆ 2 ˆ 2� s yy� y y s y s uyŽ .� k 0y ˆs 1q� sŽ .s

˜ ˆ� � s, y ,� yŽ .
syk e q , 22Ž .y y ˆ1q� s 1q� sŽ . Ž .s s

˜ ˆ ˆ TŽ . w xwhere �s�y� and � s, y,� s � � � , withs � k

ˆ 2 ˆ� sy s y s uy�� s q� yŽ .s 0 k

ˆ� s 1q� s sŽ .� s

y
ˆ� sy 1q� s .Ž .k s s

Ž .By � s1rK , the desired setpoint Eq. 11 can be reex-s s
� Ž .pressed as s s 1q s � y1 r� . Since the parameter, � , is' 0 s s s

unknown, we first design a controller to make the substrate
ˆ ˆŽ .'concentration, s, follow 1q s � y1 r� that is an estimate0 s s

of s�. Later, an excitation signal is designed and injected into
ˆthe adaptive system such that the estimated parameter �s

converges to its true value. The extremum-seeking control
objective can be achieved when the substrate concentration,
s, stabilized at the optimal operating point s�.

Define

1
ˆ'z s sy 1q s � y1 qd t , 23Ž . Ž .s 0 sž /

�̂s

Ž . 1where d t gC is an excitation signal that will be assigned
later. We consider a Lyapunov function candidate

2 ˜2 2 2 2 2˜ ˜� ez 1 � � e� ys s k s
Vs q q q q q 1q� s , 24Ž .Ž .sž /2 2 	 	 	 2 2� s k

with constants 	 , 	 , 	 �0. Taking the time derivative of V,� s k
we have

˙ ˙ ˙˜ ˜ ˜ ˜ ˜� � � � � �� � s s k k˙˙ ˆ ˆ ˙Vs z 
 � � qd t q s q q qŽ . ˙Ž .s s s 	 	 	� s k

�s 2q e e q 1q� s e e q se , 25Ž .Ž .˙ ˙ ˙s s s y y y2
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where

ˆ2q s � 10 sˆ
 � s y . 26Ž .Ž .s 22 �̂ˆ ˆ'2� 1q s � ss 0 s

Substituting Eq. 17 and Eqs. 21 and Eqs. 22 into Eq. 25, leads
to

˙˜ ˆ� �� �˙ ˙˙ ˆ ˆ ˆVs z 
 � � qd t y� yqu s y s yŽ . Ž .Ž .s s s k 0 	�

˙ ˙ T˜ ˆ˜ ˆ ˜ ˆ � � s, y ,� ye� � � � Ž . ys s k k 2˜y y y� ye yk e qk s s s ˆ	 	 1q� ss k s

�s2 2yk 1q� s e q y� yqu s y s ew xŽ .Ž .y s y k 0 y2

˙ˆ ˆ ˙ ˆF z 
 � � qd t y� yqu s y sŽ . Ž .Ž .s s s k 0

ˆe � � yey s s y˜y� y y q z q e q� yse qk s s � yž / ˆs 1q� ss

˙ ˙ ˙˜ ˆ ˜ ˆ ˜ ˆ� � � � � �� � s s k ky y y
	 	 	� s k

� s y s uŽ .s 02 2yk e y 1q� s k y e . 27Ž .Ž .s s s y y2 1q� sŽ .s

We consider the following parameter updating laws

	 � ye° s s y ˆ, if � �1rKs s0ˆ1q� ss˙ ~�̂ s 28Ž .s ˆor � s1rK and � ye G0s s0 s y¢
0, otherwise

˙̂� s	 sye� � y

y˙̂� sy	 y e q z q e , 30Ž .k k y s sž /s

ˆŽ .with the initial condition � 0 G1rK �0. The role of As-s s0
sumption 1 clearly appears from Eq. 28 in order to avoid

Ž .singularity. The tuning law Eq. 28 is a projection algorithm.
ˆ ˆIn the case where � �1rK or � s1rK and � ye G0, thes s0 s s0 s y˙̂Ž . Ž . Žprojection algorithm Eq. 28 suggests that � s 	 � ye r 1s s s y

ˆ .q� s , which impliess

˙̂� ye �s y s
�̃ y s0. 31Ž .s ˆ 	ž /1q� s ss

˜For the case of � s1rK and � ye �0, the learning algor-s s0 s y ˙̂ithm expressed in Eq. 30 leads to � s0, which meanss

that

˙̂� ye � � ye�s y s s ys
�̃ y s �0. 32Ž .s ˆ ˆ	ž /1q� s 1q� sss s

Combining Eqs. 31 and 32, we know that

˙̂� ye �s y s
�̃ y F0. 33Ž .s ˆ 	ž /1q� s ss

˙ˆ ˆŽ .It can also be seen from Eq. 28 that � 0 G1rK and � �0s s0 s
ˆ ˆfor � s1rK . Hence, � G1rK �0 for all times. Substitut-s s0 s s0

Ž .ing the updating laws Eqs. 28�30 into Eq. 27, we obtain

˙ ˆ ˙ ˆV F z 	 
 y , s, � e qd t y� yŽ .� Ž .s s a s y k

ˆq 1q	 
 y , s, � e u s y sŽ .Ž . 5s b s y 0

� s y s uŽ .s 02 2yk e y 1q� s k y e , 34Ž .Ž .s s s y y2 1q� sŽ .s

where

° 2ˆ ˆy� s q� y yž /� k ˆ ˆ
 � , if � �1rKŽ .s s s0ˆ1q� ss~ˆ
 y , s, � s 35Ž .Ž .a s ˆor � s1rKs s0

0, and � ye �0s y¢
otherwise

y° ˆ ˆy 
 � , if � �1rKŽ .s s s0ˆ1q� ss~ˆ ˆ
 y , s, � s 36Ž .or � s1rKŽ .b s s s0

0, and � ye G0s y¢
otherwise.

Extremum-Seeking Controller
Considering the following extremum-seeking controller

ˆ ˙ ˆ	 
 y , s, � e qd t y� yqk zŽ .Ž .s a s y k z s
usy , 37Ž .ˆ1q	 
 y , s, � e s y sŽ .Ž .s b s y 0

with k �0 and the gain functionz

� �s y s K �Ž .0 s0
k sk q , 38Ž .y y0 2 1qK sŽ .s0

with k �0, we havey0

˙ 2 2 2V Fyk z yk e yk e . 39Ž .z s s s y0 y

In order to avoid the singularity that may happen to the con-
ˆŽ . Ž .troller Eq. 37 when 1q	 
 y, s, � e approaches zero, as b s y
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small learning gain 	 should be used such thats

ˆ1q	 
 y , s, � e �0. 40Ž .Ž .s b s y

ŽBy applying the LaSalle�Yoshizawa’s Theorem Krstic et
ˆ.al., 1995 , it is concluded that � , z , e , and e are bounded,s s y

and

lim z s0, lim e s0, lim e s0. 41Ž .s s y
t™� t™� t™�

It should be noticed that the convergence of the state errors,
e and e , does not mean that the estimated parameters con-s y
verge to their true values as t™�. In the following, we inves-
tigate the condition that guarantees the parameter conver-
gence.

Ž .By LaSalle’s Invariance Principle Krstic et al., 1995 , the
˜Ž .error vector z , e , e , � converges to the largest invariants s y

Ž . Žset, M, of the dynamic system Eqs. 21 and 22 and Eqs.
˜ 5. �Ž . �28�30 contained in the set Es z , e , e , � gR z s es s y s s

4s e s0 . The purpose of the following is to study the invari-y
ant set M to obtain the condition under which parameter
convergence can be achieved. Since e and e converge tos y

� Ž . Ž . Ž . �zero, we know that H e dts e � y e 0 sy e 0 and H˙0 s s s s 0
Ž . Ž . Ž .e dts e � y e 0 sy e 0 . This implies that e and e are˙ ˙ ˙y y y y s y

Žintegrable. It follows from the error equations Eqs. 21 and
ˆ.22 that e and e are functions of y, s, y, s, � , d and its time¨ ¨ ˆ ˆs y

ˆderivatives. Since � , e , e gL , and the excitation signals ds y �
˙and d are bounded, we know that z and e are bounded.¨ ¨x y

This implies the uniform continuity of e and e . By Barbalat’s˙ ˙s y
Ž .Lemma Ioannou and Sun, 1996 , we conclude that e , e ™0˙ ˙s s

as t™�.
On the invariant set, M, we have e s e �0 and e s e �˙ ˙s y s y

˜0. By setting e s e s e s e s0, Eqs. 21 and 22 lead to � y˙ ˙s y s y k
s0 and

˜T ˆ� � s, y , � yŽ . ˜s0, z , e , e , � gM 42Ž .Ž .s s yˆ1q� s 1q� sŽ . Ž .s s

ˆSince s�0 and � are bounded, we know that

˜T ˆ ˜� � s, y , � ys0, z , e , e , � gM , 43Ž .Ž . Ž .a a s s y

˜ ˜ ˜ T ˆ Tw x Ž . w xwhere � s � � and � s, y, � s � � . Therefore, thea s � a s �

largest invariant set, M, in E is

˜ 6 �Ms z , e , e , � gR z s e s e s0,� Ž .s s y s s y

˜T ˆ ˜� � s, y , � ys0, � ys0 .Ž . 4a a k

It follows from Eq. 43 that

˜T ˆ T ˆ 2˜� � s, y , � � s, y , � y � s0,Ž . Ž .a a a a

˜� z , e , e , � gM . 44Ž .Ž .s s y

ˆ T ˆ 2Ž . Ž .If � s, y, � � s, y, � y is positive definite, then wea a
˜can conclude that �s0. However, it is impossible to satisfy

ˆ T ˆ 2Ž . Ž .this condition, because the matrix � s, y, � � s, y, � y isa a
Žsingular at any given time. We consider the integrals of � s,a

ˆ T ˆ ˆ 2. Ž .Ž .y, � � s, y, � s, y, � y for t™�. It follows from Eq. 44a
that

1 tqT0 T T 2˜ ˆ ˆ ˜lim � � s, y , � � s, y , � y � d� s0, 45Ž .Ž . Ž .H a a a aTt™� t0

with positive constant T . It is shown from Eqs. 28�30 and0 ˙̂ ˜lim e , e s0, that lim �s0, which implies that �t™� s y t™�

converges to a constant when t™�. Therefore,

1 tqT0T T 2˜ ˆ ˜ ˜� lim � s, y , � � s, y , � y d� � s0,Ž . Ž .Ha a a a½ 5Tt™� t0

˜� z , e , e , � gM . 46Ž .Ž .s s y

We are now ready to present a persistence-of-excitation
condition for parameter convergence. If the dither signal,
Ž .d t , is designed such that the following condition holds

1 tqT0 T 2ˆ ˆlim � s, y , � � s, y , � y d� Gc I 47Ž .Ž . Ž .H a a 0Tt™� t0

for some c �0, and0

1
� 'sg� s s ss 1q s � y1 yd t , � G1rK ,Ž .s 0 s s s0ž /½ 5�s

48Ž .

˜then, the parameter error � converges to zero asymptotically.
Theorem 1: For the system expressed in Eqs. 1�3, if
Ž .1 The learning rate 	 is chosen small enough such thats

Eq. 40 holds, and
Ž . Ž . Ž2 The dither signal, d t , satisfies the PE condition Eq.
. Ž .47 , then, the extremum-seeking controller Eq. 37 with

Ž .adaptive laws Eqs. 28�30 guarantees that the production
rate y converges to an adjustable neighborhood of its maxi-
mum y�.

Ž .Proof. Since the PE condition Eq. 47 is satisfied, we have
ˆ ˆlim � s � and lim � s � . By lim z s 0 andt™� s s t™� k k t™� s

lim e s0, we see from Eqs. 23 and 37 thatt™� y

1
�lim ss 1q s � y1 y lim d t s s y lim d t 49' Ž . Ž . Ž .Ž .0 s�t™� t™� t™�s

˙� yyd tŽ .k
lim us lim . 50Ž .

s y st™� t™� 0

Hence, by Eqs. 3 and 13 we know that when t™�, the fol-
lowing equation holds:

˙ ˙1 � yyd t d t � s xŽ . Ž . Ž .k
xs yy xs s y sq yk x .˙ 0 1k s y s � s s y sŽ .2 0 0
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From Eqs. 12 and 49, the preceding equation can be further
expressed as follows:

˙d t d t k � s xŽ . Ž . Ž .1�xs x q q y x .˙
k k � s s y sŽ .1 1 0

Ž . Ž .Since x, � s , and s y s are positive definite, we see that 10
x�0 when˙

˙d t d tŽ . Ž .
�x� x q q ,

k k � sŽ .1 1

Ž .2 x�0 when˙

˙d t d tŽ . Ž .
�x� x q q .

k k � sŽ .1 1

This implies that the biomass concentration x converges to
the neighborhood of x�. The size of the neighborhood de-

Ž .pends on the external dither signal d t and its changing rate.
For easy presentation, we denote

� ˙lim xs x q
 d , d , 51Ž .Ž .
t™�

Figure 1. Adaptive extremum seeking control.
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where

˙d t d tŽ . Ž .˙
 d , d s q 52Ž .Ž .
k k � sŽ .1 1

Žrepresents the effect of the dither signal. It is clear that 
 d,
˙ ˙. Ž . Ž .d ™0 when d t , d t ™0.

ŽUsing the Mean Value Theorem Ortega and Rheinboldt
Ž .1970 , we can reexpress the production rate y in Eq. 3 as

�� sŽ .1 �� �ysk � s xqk sy s x d�,Ž . Ž . H2 2 � s0 �

Ž . �where s s�sq 1y� s . Considering Eqs. 10, 49, and 51,�

we have

� � ˙lim ys y qk � s 
 d , dŽ . Ž .2
t™�

�� sŽ .1 �y lim k d t d� . 53Ž . Ž .H2 � st™� 0 �

The preceding equation implies that the production rate, y,
converges to a neighborhood of the desired production rate

( )Figure 1. Adaptive extremum seeking control, continued .
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y�, whose size is adjustable by tuning the amplitudes of the
Ž .injected dither signal d t and its time derivative. Q.E.D.

Ž .Remark 1. Theorem 1 shows that the excitation signal d t
plays an important role in solving the extremum-seeking
problem. In general, the higher the amplitude of the dither
signal, the faster the optimal operation point can be found.
However, Eq. 53 indicates that it also introduces a distur-
bance to the system. To reduce the effect of this disturbance,

Ž .it is necessary to use the small amplitude, d t , in practical
applications. Although this article considers the biochemical
processes represented by the Monod’s growth model, the pro-

posed extremum-seeking scheme is ready to be extended to
the plants with other growth-rate models, such as Contois’

Ž . Ž . Žmodel Eq. 5 or the Haldane’s model Eq. 6 Zhang et al.,
.2002 by using the similar design procedure proposed in this

article.

Simulation Results
To show the effectiveness of the proposed design, a simu-

lation study is performed using the experimental conditions
Ž .provided in Wang et al. 1999 . The following parameters and

Figure 2. Parameter convergence of the adaptive extremum-seeking controller.
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( )Figure 3. Growth rate and position of maximum growth rate for the Monod kinetics and the Haldane kinetics
( ). . . .

initial states are used in the simulation experiment:

K s0.2, � s1.0, Ys0.5, k s2.0, k s1.0,s m 1 2

s s10.0, x 0 s3.0, s 0 s0.9.Ž . Ž .0

We suppose that the upper bound of K is known as Ks s0
Žs0.5. The design parameters in the adaptive controller Eq.

. Ž .37 and the adaptive laws Eqs. 28�30 are

� s2.0, � s20.0, � s2.0s � k

ˆ ˆ ˆ� 0 s8.0, � 0 s2.0, � 0 s4.0.Ž . Ž . Ž .s � k

Ž . Ž . Ž .The dither signal is chosen as d t s2.2ycos 0.5t ycos 0.3t .
Figure 1 presents the simulation result of the adaptive ex-

tremum-seeking controller. Figure 1a shows that the produc-
tion rate reaches its maximum value 3.77 after ts6. Due to

Ž .the injection of the excitation signal, d t , the production rate
keeps oscillating around the optimal point. Figures 1b and 1c
plot the time evolutions of the control input and the system
states. We see that even though the prediction errors in Fig-
ure 1d are close to zero at time ts50, the estimated parame-

ˆ ˙ters � and � do not converge to the true values. The con-� s
vergence of the algorithm can be confirmed by inspection of

Ža simulation performed over a longer time period that is,
.ts800 . In order to remove the effect of the excitation signal

Ž . Ž .d t , we let d t vanish exponentially as t�600. The produc-
tion rate is shown in Figure 2a. The estimated parameters
and their true values are shown in Figure 1e and 1f for ts50
and in Figures 2b and 2c for ts800. The simulation confirms
that the production-rate converges to its maximum, and that
the convergence of the estimated parameters is achieved.

However, parameter convergence remains prohibitively slow
in this case. This phenomenon highlights the inherent diffi-
culty associated with the estimation of K and � , as dis-s m

Ž .cussed in Zhang and Guay 2001 .
In most applications, the exact growth-rate kinetics are not

known. Since the proposed optimization scheme relies explic-
itly on the assumption of Monod kinetics, it is imperative that
its robustness to changes in the kinetics be tested. To this
end, the proposed scheme was applied to a bioreactor pro-
cess model with Haldane kinetics. The kinetics are given by

� sm
� s s , 54Ž . Ž .2K q sqK ss i

where � s1, K s0.2 and K s0.1. In order to demon-m s i
strate the impact of this unknown nonlinearity, the growth

Ž .rate for the Monod kinetics with � s1 and K s0.2 andm s
the Haldane kinetics are shown in Figure 3. The significant
difference in growth rate is observed. The position of the cor-
responding optimum is also shown. The Haldane kinetics
provides an optimum production rate of 3.46 compared to
the value of 3.77 expected from the Monod kinetics.

The result of the application of the proposed extremum-
seeking controller is shown in Figure 4. Figure 4a gives the
resulting production rate. The corresponding control action
and the process states are given in Figures 4b and 4c. Despite
the significant difference in process kinetics, the closed-loop
system behaves in a manner that is almost identical to the
nominal case. The maximum production rate of 3.46 is recov-
ered by the control scheme. The simulation results seem to
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Figure 4. Robustness of the proposed adaptive extremum-seeking control to kinetic model mismatch.

indicate that the technique can be robust to modeling uncer-
tainty. However, more research is required to investigate the
robustness of this scheme in a general framework.

Conclusion
We have solved a class of extremum-seeking control prob-

lem for continuous stirred-tank bioreactors represented by
Monod’s growth model with unknown parameters. The pro-
posed extremum-seeking controller drives biomass and sub-
strate concentrations to unknown desired setpoints that opti-
mize the production rate. It has been shown that when the
external dither signal is designed such that the persistent ex-

citation condition is satisfied, the proposed adaptive ex-
tremum-seeking controller guarantees the convergence of the
production rate of the bioreactor to the neighborhood of its
maximum.
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